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Abstract 

We study the spatial homogenisation of parabolic linear stochastic PDEs exhibiting a two- 
scale structure both at the level of the linear operator and at the level of the Gaussian driving 
noise. We show that in some cases, in particular when the forcing is given by space-time 
white noise, it may happen that the homogenised SPDE is not what one would expect from 
existing results for PDEs with more regular forcing terms. 

1 Introduction 

In the material sciences, there is a significant interest towards objects that contain one 
structure at a macroscopic scale, overlaying a totally different structure on a microscopic 
scale. Examples range from everyday life, such as concrete and fibreglass, to the cutting 
edge of science, such as the cloaking devices implemented by meta-materials. Composite 
materials pose an important mathematical problem. Given a system with certain dynam- 
ics on a macroscopic scale and separate, but not necessarily independent, dynamics on 
a microscopic scale, approximate the effective dynamics of the whole system when the 
microscopic scale is small. Such problems can be formulated, and dealt with, using ho- 
mogenisation theory, see for example IIFre64l iPSVTTl IELVE04I ITM05I IPSOSH . as well as 
the monographs IIBLP78|[PS08I and references therein. 

The following is the prototypical homogenisation problem. Take a Markov process X 
on M with generator 

C = h{x)d^+'^a''{x)dl, (1.1) 

where h and a are suitably smooth functions, periodic on [0, 27r]. Consider then the diffu- 
sively rescaled process X^{t) ~ eXit/e^), with generator given by 

C,^-h{x/e)d^ + ]-a\xle)dl. (1.2) 
e 2 

We also require that a is bounded away from zero and that the "centering condition" 
h{v)/ a^{v)dv = is satisfied. 
One example to keep in mind is the when a = 1 and 

px/e 

V(x/e) = - / b{v)dv . 
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The centering condition guarantees that J^^ b(v)dv = 0, so that V(x/£) itself is 2it£ 
periodic. In this case, the diffusion provides a simple model for diffusion in a one- 
dimensional composite material, where the material is composed of cells of size 27r£ and 
the dynamics in each cell is governed by the potential V(x/e). 
It is a classical result that 

X,{t) ^ ^iB(t) , (1.3) 

where B{t) is a Brownian motion on M, > is a constant determined by b and a, and 
denotes convergence in distribution on the space of continuous functions IIBLP78I . This 
result is powerful when analysing parabolic PDEs of the following type 

dtu^ix, t) = £eUe(x, t) + f(x, t) , (1.4) 

with some forcing term /. We will assume u^(x, 0) = as we are more interested in the 
forcing term. Duhamel's principle then states that 

Ue(x,t)= I nf{s,XS-s))\XAO) = x]ds , 

Jo 

where E averages over the paths (but not any possible randomness in the forcing term). 
If / is sufficiently regular, it follows from ( 11.31 ) that — > u as e 0, where u satisfies the 
PDE 

dtu(x,t) = ^dlu(x,t) + f(x,t). (1.5) 

Such results have been widely generalised in both the forcing terms considered and also the 
structural assumptions placed on the generator C^, see for example IIPar99l lDel04l IHP081 
ISRP 09I. The article |SRP09J contains a brief but recent overview of the field. On the other 
hand, one can find only very few results in the literature treating the case of stochastic 
PDEs where both the noise term and the linear operator exhibit a multiscale structure, and 
this is the main focus of this article. In some situations where the limiting noisy term is 
sufficiently regular, the previously mentioned results have been extended to the stochastic 
case, see for example IIIch04l IWCD07I IWD07I . The present article aims to provide a 
preliminary understanding of the type of phenomena that can arise in the situation where 
the limiting equation is driven by very rough noise, so that resonance effects can also play 
an important role. 

Over the last few decades, there has been much progress towards making sense of solu- 
tions to stochastic PDEs, where the forcing term may be a highly irregular Gaussian signal 
taking values in spaces of rather irregular distributions, see for example ||DPZ92|[Hai09l for 
introductory texts on the subject. It is therefore natural to ask whether asymptotic results 
for PDEs like (11.4b can be extended to the case where / is a random, distribution-valued 
process. To give an idea of the type of results obtained in this article, let ^ be space- 
time white noise, which is the distribution-valued Gaussian process formally satisfying 
E^(s, x)£,(t, y) = S(s — t)6{x ~ y). For fixed e > 0, one can easily show that 

dtu^^CeUe + £, (1.6) 

has a unique solution with almost surely continuous sample paths in L^[Q,2tt]. By 
analogy with the classical theory outlined above and since ^ does not show any explicit 
e-dependence, one might guess that has a limit u, satisfying 



dtu = nd^u + ^ 



(1.7) 
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It turns out that this is not the case. Instead, we will show that the true limit solves 

^tu = ^i^lu+\\p\\£,, (1.8) 

where || • || denotes the _L^[0, 27r] norm (normalised such that the corresponding scalar 
product is given by (/, g) = ^ Jq^ f(x)g(x) dx) and p is the invariant measure for the 
process with generator £, normalised to satisfy (p, 1) = 1. 

Remark 1.1. By Jensen's inequality, one always has j|p|| > 1, with equality if and only if 
p is constant. As a consequence, dl.SI ) differs from ( 11.71 ) as soon as C is not in divergence 
form. Furthermore, the effect of the noise is always enhanced by non-trivial choices of C, 
which is a well-known fact in different contexts IIPS08I . 

The crucial fact is of course the lack of regularity of ^. Since the law of the process 
generated by will vary with x/e, its law will typically have large Fourier components at 
wave numbers close to integer multiples of The difference between dl.Sb and ( 11.7b can 
then be understood, at least at an intuitive level, as coming from the resonances between 
these Fourier modes and the corresponding Fourier modes of the driving noise. Such reso- 
nances would be negligible for more regular noises, but turn out to lead to non-negligible 
contributions in the case of space-time white noise. 

The aim of this article is to investigate this phenomenon for SPDEs of the type ( 11.6b . 
but replacing ^ with a more general Gaussian forcing term. In particular, we treat noise that 
exhibits spatial structure at the microscopic scale. We can always (formally) write such 
signals as 

ax. x/e, t) = J2 x/eWkit) , (1.9) 

feGZ 

where the Wk are i.i.d. complex-valued Brownian motions, save for the condition W-k = 
ensuring that the overall signal is real-valued. Throughout this article, we will require 
the additional assumption that the noise ( is cell-translation invariant, in the sense that its 
distribution is unchanged by translations by multiples of 27r£. This assumption reflects the 
idea that the underlying material has the same structure in each cell. At the level of the 
representation ( |1.9b . this invariance is enforced by assuming that one has 

g'^'(x,a:/£) = gfc(x/£)e^*^^ (1.10) 

for each fc G Z, where {qk} is a collection of 27r-periodic functions. 

To see that this leads to the claimed invariance property, notice that, for a;, y satisfying 
x — y = 27ren, we have that 

J2 qkiy/e)e'''yWkit) = J2 qkix/e)e'''^e^^''''"Wkit) 
= ^gfc(x/e)e''=^W^fc(t). 

Indeed, since Wk is a complex Brownian motion, rotating it by 2TTken does not change 
its distribution. Conversely, cell-translation invariance of the noise is equivalent to the 
fact that its covariance operator commutes with the translation operator given by 
T^f(x) ~ f{x + 2TTe). The spectrum of consists of {e^'"^ : k G Z}, with correspond- 
ing eigenspaces given by Vk = {(7(x/e)e''^^}, where q is periodic with period 27r. As a 
consequence, there is no loss of generality in assuming the representation (II. 10b . 
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Thus, we restrict our attention to the following class of SPDEs, written in the notation 
of 0DPZ92I : 

dueix,t) = CeUeix,t)dt + Y,1k(x/e)e'''''dWkit) . (1.11) 

fcGZ 

Again, we will always assume that satisfies periodic boundary conditions on [0, 27r]. 
By linearity, we can and will restrict ourselves to the case of vanishing initial conditions. 
We will always assume certain regularity conditions on b and a, as well as a centering 
condition, which is a standard requirement of homogenisation problems. This is detailed 
in Assumption l2.2l below. 

Remark 1.2. Unlike several recent studies IIWCD07I IWD07I we do not consider period- 
ically perforated spatial domains. Instead, we assume that our domain [0, 2tt] has been 
split into cells of size 27re and that diffusions behave identically in each cell. This is imple- 
mented through the periodicity of b, a and q^. Thus, all composite-type geometry comes 
through the periodicity of the generator and the infinite dimensional noise; the spatial 
domain [0, 2tt] does not depend on e in any way. However, we do require that the domain 
be partitioned in to cells of size 27re. It is therefore natural to require that e^^ e N so that 
[0, 2tt] contains an integer number of cells. 

We have already seen that taking qk = 1 results in the surprising limit dl.Sb . However, 
if we chose qk = \k\^^ then the forcing term would be a continuous Gaussian process in 
L^[0, 2tt], and by classical results would converge to the unsurprising limit, as in ( 11.5b . 
We would like to classify those choices of qk that result in the surprising limit, and those 
that result in the unsurprising limit. 

Firstly, we will identify a large class of signals that result in the unsurprising limit. In 
particular, these signals need not be continuous processes in L^[0, 2tt]. To guarantee the 
unsurprising limit, we need some control over the coefficients of the noise qk when k is 
large, as well as a suitable regularity assumption. If we assume that the coefficients decay 
algebraically as fc — s- oo, then we are able to show that solutions converge to the correct 
limit and that this convergence occurs in L^(P). In particular, the quantity \\qk\\ must decay 
like as fc -> oo, for some a E (0, 1). The precise condition is detailed in Assumption 
12.51 With these conditions in place, we will prove the following. 

Theorem 1.3. Suppose the SPDE dl.l lb satisfies Assumptions \2.2\ and \2. 51 Then the solu- 
tions Ue converge to the solutions of 

du{x, t) = fidlu{x,t)dt + J2{lk, P) e'''''dWk(t) , (1.1 2) 

fcGZ 

in the sense that there exists Ct > and 6 > such that 

E sup |(u,(i)-M(t),(^)|2 <Ct£\ 

tG[0,T] 

for all if G iJ" with large enough s. 

Remark 1.4. Past results IIIch04l IWCDOTI rely on the noise being Hilbert- Schmidt in the 
sense that 

k 

It is important to note that this condition does not imply our condition on the \\qk\\- Indeed, 
one can easily exhibit a sufficiently sparse sequence \\qk\\ that is square summable but 
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which only converges logarithmically to zero. On the other hand, there are many situations 
where the noise is not Hilbert-Schmidt, that do fall into our framework. With only the 
Hilbert-Schmidt assumption, one can still prove via a tightness argument that the SPDE 
jl.l 11 1 has a weak limit and apply homogenisation techniques, similar to those found in 
IIWCD07I . to show that the limiting SPDE is indeed ( I1.12l i. However, we will not treat this 
case as it is somewhat incongruous with the existing framework. 

Remark 1.5. Although not immediately clear, this is indeed the unsurprising limit in the 
sense of (11.5b . To see this, pick qkix/e) = g^lfej"". It is easy to see that, since {p, 1) = 1, 
the noise in the limiting SPDE ( 11.12b is the same as the original noise, as was the case in 
the classical result dl.Sb . 

This result is reminiscent of previous results IIWCD07NWD07I . but stronger in the sense 
that genuine mean-squared convergence is obtained. Moreover, the result comes with rates 
of convergence. These are some of the perks enjoyed by a Fourier analytic framework, 
which we employ in place of the tightness arguments usually found in homogenisation 
problems. Of course, we still have weak convergence in a variational sense. 

There are some important things to note concerning the limiting SPDE ( 11.121 ). Firstly, it 
is a stochastic heat equation with additive noise, and that noise comes with the same spatial 
regularity as the noise in the original SPDE. That is, the coefficients of Wk decay with the 
same rate. Secondly, if we choose the noise to satisfy the centering condition {qk , p) = 
for each k E TL, then the solution will converge strongly to zero as e — > 0. In other 
words, the presence of noise will have vanishingly small effect on the system dl.lll ) when 
£ is small. It is natural to ask whether we can find the largest vanishing term as e — > 0. 
To obtain this term, we scale up the solution by some cleverly chosen inverse factor 
of £ and then seek a non-zero solution. For this procedure to work, we need to have very 
precise control over the coefficients qu when k is large. Namely, we require that there exists 
some a G (0, 1) and a sufficiently regular function q such that |A:|"gfc qvs\ i^[0, 27r] 
as |fc| -> oo. One can check that these assumptions imply those made for the previous 
theorem. The precise assumptions are detailed in Assumption l2.6l With these conditions, 
we can prove the following. 

Theorem 1.6. Suppose the SPDE ( 11.111 ) satisfies Assumptions \2.2\ and \2.6\f or some decay 
exponent a G (0, 1) and {qk, p) = Q for all fc G Z. Then there exists a process equal 
in law to but defined on a different probability space, such that the rescaled solutions 
e~°'Ui; converge to the solutions of 

dv{x,t) = fidlv{x,t)dt + \\qp\\^a^e'''''dWk{t) (1.13) 

fc 

in the sense that 

limE sup \{£-°'ue{t)-v{t),ip)\'^ = Q , 
te[0,T] 

for all if G -ff * with large enough s. 

Here the convergence result is weak in both a variational and probabilistic sense. In 
general, nothing stronger is possible. Although the result looks like convergence in mean- 
squared, it is merely disguised convergence in law since we must define the limiting solu- 
tion on a different probability space to the original SPDE. Such results are often obtained 
artificially using the Skorokhod embedding theorem. In our case however, this is the natu- 
ral way to write down the result. In particular, for fixed e > 0, the dependencies of Wm can 
be traced back to the original BMs. It is worth mentioning that the scaling factor required 
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in order to find this term is in fact e which is precisely the amount of decay placed on 
the coefficients qk- In the limiting SPDE (11.13b . we use the notation 




where Ckix) = e^^^ . 

As before, there are several things to note about the SPDE ( 11.131 ). Firstly, it is again 
a stochastic heat equation with additive noise, but now all contributions from the original 
driving noise come from the very high modes, as indicated by the factor || gpjj Thus, the 
coefficients qk with low k have no bearing at all on the limit. In particular, if one wanted to 
approximate the noise by cutting off the sum at a large value of k, they would be making 
a drastic mistake! Moreover, this suggests that v arises due to constructive interference 
occurring in the very high modes of the noise. The second observation to make is that no 
matter what spatial regularity is possessed by the noise in the original SPDE, the limiting 
SPDE is always driven by space-time white noise. As one might guess, the factor e^" 
essentially scales away the decay on the coefficients qk and hence destroys the regularity 
of the driving noise. 

The previous theorem may seem a bit off topic, as we are trying to determine how 
choices of qk affect the limiting SPDE. However, the following theorem tells us that the 
second order term found in Theorem ll.6l acts as the bridge between the surprising limit and 
the unsurprising limit. In particular, we will show that the surprising limit occurs precisely 
when this second order term becomes non-vanishing. We can see in ( 11.6b that space-time 
white noise falls into the 'a = class', in the context of the previous theorems, since 
obviously qk ^ 1 does not decay. Since the second order term was shown to be ©(e"), 
one would expect this term to become 0(1) and hence contribute to the limit in the space- 
time white noise case. This suggests that the second order term is precisely the difference 
between the surprising limit and the unsurprising limit. The following theorem proves this 
to be the case not just for ( 11.6b but for all SPDEs driven by noise in the a = class. 

The only added requirement for noise to be in this class is that there exists q e 
such that (jfc — > (J as fc oo and that this convergence happens with fast enough rate. The 
precise conditions are found in Assumption l2.7l We have that following result. 

Theorem 1.7. Suppose the SPDE ( 11.1 lb satisfies Assumptions \2.2\ and 12. 71 Then there 
exists Ue equal in law to u^, but defined on a different probability space, such that 
converges to the solutions of 

du(x,t) = pdlu(x,t)dt + Y,{\{qk,p)\^ - + \\qp\\Y^^e'''-dWk(t) , (1.14) 

fcez 

in the sense that 

limE sup \{u,{t) - u(t),ip)\'^ ={) forallip(^H' 
fe[o,T] 

for large enough s. 

As one might expect, this result is almost a combination of the two previous results, 
only a few extra ingredients are needed to prove it. In the j| • || notation of Theorem 1 1.61 
we have that 

-\{q,p)\' + \\qpr^\\qp\\l, 
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which is precisely the contribution from the second order term (squared), so that ( 11.141 ) 
really is a combination of the first order limit in ( 11.121 ) and the second order limit in ( 11.141 ). 
Note that instead of the noise being comprised of the sum of the first order and second order 
terms, we have the square-root of the sum of the squares. This is simply because we want 
to write each term in the noise as a single Gaussian, rather than a sum of two independent 
Gaussians. Just as in Theorem 1 1.61 the BMs Wm are, for fixed e > defined in terms of 
the original BMs. 

To prove these three convergence results, we develop several tools that are useful when 
dealing with any SPDE whose underlying diffusion is driven by C^- Firstly, we develop a 
relationship between the interpolation spaces generated by and the usual Sobolev spaces. 
This is useful in determining which function spaces contain our solutions (uniformly in e) 
and furthermore determining where convergence occurs. Secondly, we show that the effect 
of the semigroup generated by £g on a certain class of functions is approximated well 
by the heat semigroup. This is akin to the well-known fact that => /i<9^, as discussed 
earlier 

The article is structured in the following way. In Section |2] we give a precise formula- 
tion of the main SPDE and detail the structural assumptions. In Section|3]we develop some 
tools necessary for the proof of the convergence theorems. In Section|4]we rigorously state 
and prove all three convergence theorems. 
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2 Formulation of the SPDE and some notation 

Recall that L^[0, 2tt] denotes the complex space with its inner product normalised as 

1 f^- 

(/,.9> = ^ ■fs*'^^ ' 

and corresponding norm j| • j|. We denote elements of the orthonormal Fourier basis by 
ek(x) — e^^^ . We will also denote the usual L°° norm by || • ||oo- We define as the 
subspace of i^[0, 27r] of bounded, continuous functions with two bounded, continuous 
derivatives. We measure regularity through the Sobolev spaces if which we define as the 
completion of i^[0, 27r] under the norm 

\\-\\H^ = \\{i-dlY'^-\\, 

for any s G M. We shall also make use of the following Sobolev-like semi-norm 




(2.1) 



which can only be defined on / with (/, 1) = 0. One can therefore think of this semi-norm 
as the norm j|(— 0^)^'* • II defined on the space of mean-zero functions. We denote by || -Hhs 
the Hilbert-Schmidt norm on linear operators that map i^[0, 27r] into itself. As a shorthand 
we will write 

fix) = f(x/e) , 
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when we want to omit the function's dependence on x. Finally, we will use the notation / < 
g to imply that \ f / g\ can be bounded by some constant that is independent of parameters 
involved in the expression. The precise independence will be clear from the context. 

2.1 Formulation of the equation 

Let h and a be twice continuously differentiable 27r-periodic functions and define the dif- 
ferential operator as in (11.2b and likewise define the unsealed operator C as in ( II. lb . 
Following IIPSV77I IBLP78I . we require some conditions on the generator for the ho- 
mogenization problem to have a limit. 

Assumption 2.2. Assume that 6, cr e and that the centering condition 

rM^dx^O, (2.2) 
Jo (^) 

is satisfied. Furthermore, a is uniformly elliptic, namely 

0<S < cr(x) <6' <oo , (2.3) 

for some fixed 5 and S' . 

Remark 2.3. One can check that the centering condition implies that 

bix)pix)dx = , (2.4) 



where p is the solution to C* p = with periodic boundary conditions and satisfying 
{p, 1) = 1. We will call p the invariant density for C, despite the fact that it is not nor- 
malised to be a probability measure. This centering condition serves the same purpose as 
subtracting the mean when trying to obtain a central limit theorem. 

Remark 2.4. The smoothness of b and tr, combined with the ellipticity condition, are 
sufficient to guarantee that p E and similarly for all positive and negative powers of p. 

Our main object of interest is the following SPDE, defined on finite temporal and spatial 
domains 

du,{x, t) = Ceu.ix, t)dt + qk{x/e)ek{x)dWk{t) {x, t) € [0, 2n] x (0, T] (2.5) 

fcez 

u,(0, t) = u,(2tt, t) t e [0, T] (2.6) 

u^{x,0)^0 a;e[0,27r]. (2.7) 

Each qk{-) is a continuous 27r-periodic element of L^[Q, 2tt], taking values in R and we 
require that q^^ — qk for each A: G Z. As stated in Remark [L2l the microscopic parameter 
e G (0, 1) must satisfy e^^ G N. We define the sequence of Brownian motions {Wk}k£i, 
in the following way: Wq is a M-valued BM, where as {VFfe}fc>i are C-valued BMs, and 
{Wk}k>o pairwise independent; we then set W-k = W^, where (•)* denotes complex 
conjugation. Every bi-infinite sequence of Brownian motions considered in the sequel 
will satisfy this conjugation property. As stated, we assume periodic boundary conditions 
and take the initial condition to be identically zero. We choose this initial condition as 
we are only interested in the evolution of the noise through the system. Determining the 
evolution with a non-trivial initial condition is equivalent to adding the solution to the 
noiseless problem, which has been well studied IIBLP78I iPSVTTl iPSOSl . 
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For convenience we introduce the linear operator on L^[Q, 2tt] by 

QeBkix) = qk(x/e)ek(x) , (2.8) 

and one can then represent the noise in (12.5b as Q^dW where dW denotes space-time 
white noise. We shall now list the assumptions needed to prove Theorems 11.31 11.61 11.71 
respectively. Firstly, we require the following condition to prove Theorem ll.3l 

Assumption 2.5. There exists a E (0,1) such that 

<lA|fcr" , (2.9) 
for each k G Z. Moreover, if a G (0, 1/2] then we additionally require that 

sup II gfe II Hi < oo , (2.10) 

feGZ 

where qk = qk/\\qk\\- 

To prove Theorem 11.61 we need slightly different assumptions to those required for 
Theorem ll.3l Namely, we need the following. 

Assumption 2.6. There exists a e (0, 1) and q e L^[0, 2n] such that 

lim |||fcrgfc-g|| = 0. (2.11) 

Moreover, if a G (0, 1/2] then we additionally require that 

sup llgfellffi < oo . (2.12) 

fcGZ 

Note that ( 12.1 lb guarantees that the bound 

Ikfcll <1A|A:|-" 

holds for all G Z and therefore Assumption 12.61 implies Assumption 12.51 Unlike in 
Theorem 1 1.3 1 having a rate of decay on qk does not suffice, we now need precise control 
over how qk tends to zero as fc — > oo. 

Recall that Theorem 1 1 .7 1 deals with those SPDEs that converge to the so called wrong 
hmit. We claimed that this wrong limit occurred when the limit from Theorem [T3] com- 
bined with the limit from Theorem 11.61 by formally taking a ~ Q. Since Assumption 
12.61 implies Assumption 12.51 our condition on the noise for Theorem 11.71 should look like 
Assumption l2.6l with a = 0. Actually, we need a tiny bit more than this. 

Assumption 2.7. We require that there exists q E and jy e [0, 1) such that 

Y,a/\\kr')\\<lk-q\\m <^ ■ (2.13) 

feez 

At first glance this looks quite a bit stronger than Assumption l2.6l with a = 0. However, 
Assumption 12.61 with a = Q implies that \\qk — qWn^ for every s < 1, since the 
convergence is true in L^[Q, 2tt] and the sequence {qk} is uniformly bounded in H^. And 
since 77 can be arbitrarily close to 1, Assumption 12.61 almost implies Assumption 12.71 but 
not quite. Note that the uniform boundedness condition on || || //i is not implicitly stated, 
but it is implied by the listed assumptions. The parameter ?/ will affect the strength of the 
convergence result in Theorem ll.7l namely, larger ?/ leads to weaker convergence. 
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Remark 2.8. Another sufficient condition for Theorem ll.7l is that 

Ell9fc-9ll'<^, (2.14) 

k 

with q £ H^. Actually, we could also replace the regularity condition in Assumption |23] 
with (I2.14I ). However we consider the regularity assumption to be a more natural choice. 

We define solutions to i2.5\ using the mild formulation 

ue(x, t)= I Seit - s)Q,dW{s) = ^ / ^^^^ " s)qk{x / e)ek{x)dWu{s) , (2.15) 
•'o fcez-^o 

where Si;(t) is the semigroup generated by £e. It is easy to check, using techniques intro- 
duced in the next section, that for fixed e > 0, the semigroup Se{t) is a Co-semigroup. In 
this case, one can check that weak and mild solutions coincide IIHai09llDPZ92L so the mild 
solution is indeed the correct one to look at. We also have the following regularity result 

Proposition 2.9. Suppose Assumptions \2.2\ \2.5\ or \Z2\ \2.7\ hold true. Then, for fixed e G 
(0, 1), the solution to ( 12.51 1 has almost surely continuous sample paths in L^[0, 27r]. 

Proof. Using standard results for linear SPDEs ||Hai09l|DPZ92|| we need only check that 

ll^eWO.IlHS < OO , 

for every t e (0, T] and that there exists /3 G (0, 1 /2) such that 

/ r^P\\s,{t)Q,\\lsdt<^ . 

Jo 

In Lemma |4!9l below. we show that Assumption l2.5l implies that 

\m)Q,\u < e-'-'itr (Ed ^ ikr^'Mi 

for any 7 G (0, 1/2). In Lemma 14.161 we show that Assumption 12.71 implies a similar 
estimate. The result follows immediately. □ 

Remark 2.10. Note that although the decay assumption on \\qk\\ was not needed to show 
regularity of the solutions, it is necessary when proving convergence as e — > 0. It fur- 
thermore allows us to fine tune our results so that we can find the optimal space in which 
convergence occurs. 

3 Preliminary Results 

In this section we shall develop a few tools necessary for the proof of the main results. 
In Section im we start with some standard results concerning the semigroups generated 
by one dimensional Ito diffusions. In Section [34l we develop a relationship between the 
interpolation spaces of and the Sobolev spaces. Finally, in Section [3^ we go on to 
approximate the effect of the adjoint semigroup S'*(t) on trigonometric polynomials. 
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3.1 Properties of the diffusion 

We recall some basic results concerning the semigroup Se(t) generated by C^- Firstly, we 
have the following smoothing properties. 

Lemma 3.2. For any t G [0, T] we have that 

\\SM\<Ct- (3.1) 

Moreover, for any 76 [0, 1) we have that 

\\{l-C,VSM\<t~'' ■ (3.2) 
Finally, the same results hold true with Se(t) and replaced with their adjoints S*{t) and 

Proof. We shall only prove ( I3.2l i since ( 13.11 ) follows as a special case. If Le were self- 
adjoint, then the result would follow easily from the spectral theorem IIHai09ll . is self- 
adjoint if the domain of the operator is taken to be the weighted space L^{pe) with norm 

1/2 

ll/IIpe = ll/Pe II ™d corresponding inner product, where is the invariant density for 
Ce- The spectral theorem therefore implies that 

\\{i-c,vs,{t)f\\p^<t-''\\f\\p^ . 

Furthermore, one can easily show that = p(x/e) where p is the invariant density of £, 
which we assumed in ( I2.3l l to be bounded above and away from zero. We therefore have 
that 

11(1 - CeVS,{t)f\\ < ii/9-i/2|uii(i - c,rsAt)f\\p^ 

< t-^||p-^/'||oo||/||,. < <-^||p"^/'||co||p^/'||oo||/|| < t-^ll/ll , 

which proves the results for S^it). The results for S*{t) follow from the dual representation 

||5;(f)/|| =SUp||<,||^l|(/,5,(%)|. □ 

We now recall some standard estimates on the adjoint of the semigroup S(t) generated 
by £. 

Lemma 3.3. Let S*(t) denote the adjoint ofS(t). For any t G (0, T], we have that 

\\S*{t)\\<CT. (3.3) 
\\d.S*(t)\\ < \t\-^'^ . (3.4) 

Moreover, there exists w > such that 

||5*(t)(l-p(a.))|l <cxp(-c^i). (3.5) 

Proof. The first result follows from Lemma [3721 with e = 1. The second result follows if 
we can show that the interpolation spaces of (1 — £) are the same as the Sobolev spaces 
interpolated by (1 — 9^). Firstly, one can find a change of variables Q such that 

QCQ-^ = V(x)d, + dl 

where Q and its inverse are bounded from iJ* into itself for any s and V is bounded. This 
change of variables can be found in Lemma [33] Hence, the interpolation spaces of (1 — £) 
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are the same as the interpolation spaces of (— ^^(a;)^^- + 1 — d^). Furthermore, we have the 
following fact: if Lq generates an analytic semigroup on B and has interpolation spaces S", 
then B + Lq has the same interpolation spaces, whenever i? is a bounded operator from 
B° into B, for some 7 e [0, 1) by IIHai09l . It follows that B + La ^ (I ~ QCQ~^) has 
the same interpolation spaces as Lq = (1 — 9^), which proves the claim. The third result 
follows using standard machinery from spectral theory, similar to those used in Lemma 
U □ 



Since it will not affect any of our future estimates, we will assume from this point on 
that oj = 1. Notice that the semigroup S^it) satisfies the following rescaling identity 

SMf(x/e) = {S{t/e^)f){x/e) . (3.6) 

One can therefore think of the semigroup as zooming in on the highly oscillatory parts, 
evolving them (according to the diffusion generated by C) to very large times, and then 
zooming back out. In particular, combining this identity with Lemma |33] gives 

\\S;(t) (1 - p(x/e))\\ < cxp(~^t/£2) , (3.7) 

which will prove useful in the sequel. 

3.4 Interpolation Results 

In order to prove convergence results in particular Sobolev spaces, we need to know the 
smoothing properties of the semigroup Se{t). Estimates from analytic semigroup theory 
tell us which interpolation spaces of the solutions will live in. We would therefore like 
to obtain some embedding result between these interpolation spaces and the usual Sobolev 
spaces. It would be futile to look for an embedding result uniformly in e, the best we can 
do is the following lemma, which, for a price, grants us the ability to switch back and forth 
between interpolation spaces and Sobolev spaces. 

Lemma 3.5. One has the following two inequalities 

\\{l-dl)y\\<e-''''\\{l-C,)y\\ (3.8) 

\\{i-c,ry\\<s-"'\\{i-diry\\ 0.9) 

for any 7 g [0, 1] and any f for which the two norms are finite. 

Proof. We start by proving the first inequality, the second will follow with a simple argu- 
ment. To prove the first claim we apply the Calderon-Lions interpolation theorem IIRS75II 
to obtain a relationship between the interpolation spaces given by 

ll-ll*^' = ll-ll, ||-||<i' = i|(i-/:.)-i|, 
II •11^°' = II -11, II -11*^' = 11(1 -5^) -11. 

It guarantees that, for the identity operator /, one has 

ll-f||L(jf<"'i,F<7)) < ll^llLOYi"i,yi"i)ll^lli(xiii,y(i)) ' (3.10) 

where X^^'' and F*''' are the interpolation spaces given by completing i^[0, 2tt~\ with re- 
spect to the norms ||(1 — CeV ■ \\ and ||(1 — 9^)''' • || respectively. 
It is clear that 

I|-^IIl(X(0),Y(0)) = 1 , 
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since this is just the norm of the identity operator in L^[Q, 2tt]. The first claim thus follows 
if we can show that 

I|-^IIl(X<i),Y<ii) < £~ , 

which is equivalent to proving that 

\\(l~dl)(l-C,r'f\\<e-^f\\ . (3.11) 

We will achieve this by simplifying the operator Ce through two transformations. Firstly, 
for the generator C, one can easily find a change of variables z = (j)(x) with inverse x ~ 
tp{z) such that 

Cfix) = {BWzm + ) (/ o , (3.12) 
where B = ^ ^"'^ solves the ordinary differential equation 

0'(a;) = -^a(0(x)) , (3.13) 

with boundary condition (/)(0) = 0. Given this change of variables, it is easy to find the 
corresponding change of variables for C^, in fact, if we set z = e4>{x/e) we have that 

Cfix) = (^^BWz/e))d, + (/ o ^,)(z) , (3.14) 

where tpei-) = eip(-/e). Secondly, we hope to make the operator self-adjoint. To do this, 
we weight our space using the invariant measure of the underlying generator. Let g{y) be 

the invariant density for the generator ^ ^fjf^ dy + dy^ . One can show that 

CJ(x) = g(x/er'^HAeu)(e^(x/e)) , (3.15) 
where u = g(tp(-/e))^^^ f o ip^. The Schrodinger operator is defined by 

AMz) = ^W{ip{z/e)Mz) + dlu(z) 
where W = g^/^ (^^dy + d^^ g-^^^. We then have that 

11(1 - d^Jd - C,r'm\\ < e-2||(g-i/2)"||^||(i _ A,r'u(ecf>(x/e))\\ 

+ e-i||(.g-i/2)'||oo||a,(l - Aer'u(e^(x/e))\\ 
+ \\9''^''\\oo\\dla - Aer'u(e^(x/s))\\ . 

One can easily deduce the boundedness of g~^^^ and its derivatives from Assumption 12.21 
Moreover, we have that 

\\d.Al - Aer'u{ecj){x/e))\\^ = II ((1 - A,)-'u)'{eq}(x/e)) (j)'{x/s)f 

1 r^'' 

— / I (d - Aer'uy{ecl){x/e)) cl)'(x/etdx 

£0(27r/e) 

\dAl ~ Aer'u(z)\^\(f>'(ib(z/e))\dz 

l„,ll2 



2n 
1 

2^7o 



< ||</.'||oo||5.(l-^.)'iu||2 , 
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where || • denotes the usual LP' norm but over the interval [0, e(/)(27r/e)] as in the integral 
above. We can similarly show that 

\\dlil-A,)-^u{e^{x/e))\\ < \\{cl>')Yci^\\d!{l~Aer'u\\^ 

We can deduce the boundedness of the above expressions involving (j) using ( 13.13b and 
Assumption l2.2l We therefore have the bound 



11(1 - di){i - £erVll < e^'lld - Ar'«iu + £-'119.(1 - A^r^u 
+ Wd'ia - Aer'uU . 

We now claim the following bounds to hold, as operator norms from — > in the sense 
of the norm defined above: 

\\(1-Ae)-'\\4.<1, (3.16) 

\\d!{l-Aer'\\4.<e-' . (3.17) 

Note that these bounds immediately imply ||9r(l — .4e)^^||0 < which follows from 
the Cauchy-Schwartz inequality. These three operator bounds are enough to prove ( 13.111 ), 
since by changing back to the x variables, we have that 

\\uU = \\g{x/e)'/\f{xM'(x/e))'^^ < • 

Hence we need only prove the claimed bounds. To prove ( 13.16b , we utilise the identity 

spec(l — Ae) = spec (1 — C^) , 

which follows from the fact that Ae and are conjugated via a bounded operator with 
bounded inverse. Since generates a Markov semigroup, elements in its spectrum have 
positive real part. Since (1 — Ae) is self-adjoint in the Hilbert space generated by the norm 
II • II with the corresponding inner product, it thus follows that 

11(1- A)-i||0< 1 

using the spectral theorem ||Hai09L By writing in terms of Ae and W, we also have that 

119,2(1 - Aer'U < 1 + II + ^WW-/e))j (1 - Aer'u 

<i + e-Hi + \\w\\oo)\\(i-Aer'U, 

which proves (13.17b and hence ( 13.81 ). To prove the second part of the lemma, just as in 
( 13.1 lb it is sufficient to show that 

CerHl-dl)f\\<Ce-^f\\ . 

But we can use the fact that the operator norm is preserved under taking the adjoint, so that 

11(1 - Ce)-Hi - 91)11 = 11(1 - dl){i cr^ . 

It is therefore sufficient to prove ( 13.111 ) with £e replaced with its adjoint £*. An easy 
calculation shows that 

C; ^Ce + -^U{x/e) 
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where 

I, = -h{xle)d^ + \cj''(,xle)dl . 

£ I 

We can reduce to a Schrodinger operator with potential W in the same way that we did 
for Ce, and hence reduce £* to a Schrodinger operator with potential W + U. The second 
claim then follows similarly to the first. □ 

Remark 3.6. We would like to briefly comment on the sharpness of the two estimates 
obtained in Lemma [331 The second estimate ( 13. 9t is sharp. In fact, in the case cr = 1, 
upon rewriting the estimate in the adjoint setting, as done in the proof, it is clear that taking 
/ — p{x/e) will prove sharpness. Unfortunately, this argument does not work for the first 
estimate ( 13.8b . This comes down to the unlucky fact that the zero eigenvector of is 
the constant function (and not p{x j e)), which of course does not yield powers of e when 
integrated. In fact, we believe that estimate ( 13.81 ) is not sharp. However, improving the 
estimate would not considerably improve the strength of results in the sequel, so we do not 
attempt to do so. 

3.7 Estimating the semigroup 

A key ingredient in proving all three convergence results is an estimate on the low Fourier 
modes of the mild solution to ( 12.51 ), that is 

e„) = X! / ^^^^^ ^ s)q%ek,e.^)dWk{s) , 
k -^0 

for |m| < e~^, recalling the notation = qkix/e). This could be achieved by esti- 

mating S^{t — s)qf,ek- However, this becomes troublesome when k is large. It is more 
convenient to exploit the fact that 

(Mi),e™)= V / {qlek,S*^(t-s)e^)dWk(s) 
k -^0 

and estimate S'*(t — s)e,„, with m fixed. We will prove that 

S*{t)e„,(x) « p(a;/e)e™(a;)e-'^"'* + f^Hx,t) , 

uniformly in t £ [0,T]. As before, p is the invariant density of the C and we define 
the "boundary layer" ff^ as a term that corrects the approximation when t ~ O(e^) and 
converges rapidly to zero when i > e^. Such results can be obtained in the setting of mar- 
tingale problems IIPSV77II however, as we would like to obtain a bit of control over rates of 
convergence, we take the approach used in IIBLP78irPS08ll . 

Let us set fdx, t) = S*{t)em{x). We would then like to find an approximate solution 
to the PDE 

dtfe{x,t) = C*J,{x,t) , /,(x,0) = e„(x), (3.18) 

where the adjoint generator £* has periodic boundary conditions on [0, 27r]. The standard 
approach to problems of this kind is to rewrite ( 13.18b in the new variables x ~ x and 
y = x/e and separate the macroscopic dynamics from the microscopic dynamics. One can 
then obtain an approximate solution by introducing a power series expansion 

feix, y, t) = fo{x, y, t) + efiix, y, t) + e^/2(x, y,t) + ... 
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into the PDE ( 13.181 ) and solving for /o, /i, /2 by matching powers of e. Under this proce- 
dure, one obtains 

fo(x,x/e,t) = p(x/e)e„(a;)e-'''"'* , 
fi(x,x/e,t) = $i(x/e)9,e„,(a;)e-'^"'* , 
f2(x,x/e,t) = $2(x/e)92e„(a:)e-'^"'* , 

where $i, $2 S C^. This approach encounters a small problem in that the approximation 
breaks down when t = 0{e^). The problem is averted by introducing a temporal boundary 
layer term, also known as a corrector, which we define as 

ffHx, t) = {S;(t) (1 ~ p{x/e))) e^Ax) . 

One can see that the boundary layer term corrects the discrepancy in the initial condition of 
the approximation S'*(t)em{x) ~ p(x/e)em(x)e^^™ , indeed, the boundary layer term's 
sole purpose is to correct the approximation for small times t. We therefore define the 
remainder term by setting 

f,(x, t) = Mx, y, t) + efiix, y, t) + e^Mx, y, t) + ff^x, t) + r,(x, t) (3.19) 

Note that our definition of the remainder depends explicitly on the wavenumber m, how- 
ever, for convenience we omit this from the notation. Using the method described above, 
one can write down the following convenient expression for the remainder 

Lemma 3.8. Ife\m\ < 1 and is the remainder defined in ( 13.19b then we can write 

r^{x, t) = S*(t)r^{x, 0) + e [ S*(t - s)Fi(x, x/e, s) ds (3.20) 

Jo 

+ [ S;(t - s)F2(x, x/e, s)ds + [ 5*(t - s)(ds - C;)ffHx, s) ds , 

JQ Jo 

where the functions Fi and F2 satisfy the bounds 

\\Fi(t)\\ < (1 V |mp)e-'^"'* and \\F2(t)\\ < (1 V |m|4)e"^™'* , (3.21) 
where ^ > is a constant determined by C. 

Proof. The method of proof is described above. One can find similar calculations in 
IIBLP78IIPS08I □ 

Each term in ( 13.201 ) can be bounded without too much trouble, except for the boundary 
layer term, which we shall treat separately. 

Lemma 3.9. Ife\m\ < 1, then for any t e [0, T], we have that 

ll/f (t)|| <cxp(-t/e2) . (3.22) 

Furthermore, for any s € [0, t] we have that 

\\s;(t - s)(c; ~ ds)f!Hx, s)\\ < j cxp(~s/s^) . (3.23) 

In both cases, the proprtionality constants are independent ofm, provided that £\m\ < 1. 
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Proof. For the sake of brevity, throughout this proof and the next we will simply write m 
instead of 1 V |m|. We also introduce the shorthand 

Pt/e<x/e) {S*{t/e'') (1 - p)){x/e) = (^*(t) (1 - p')){x) 

where the last identity follows from the rescaling property ( 13.61 ). recalling that p^{x) = 
p(x/e). We then have that 

\\.f^Ht)\\ = \\pl,,.e„,\\ = \\pl,,4 < cxp(-t/e2) , 

which follows from ( 13.71 ). For the second result, notice that 

(CI - d,)f^Hx, s) = ~ h{x/e)p^{x/e)d^ern(x) + (a\x/e)p^(x/e)^ d^e^ix) 
+ ^a'^(x/e)p^{x/e)dle^{x) . 

Therefore, the quantity 

\\s,it - s){c: - ds)ffHx, s)\\ < \\{c: - ds)ffHx, s)\\ 

is bounded by 

j\\bPs/e4 + ^\\d. {<T'Ps/e^) \\+m^<j'p,/,4 . (3.24) 
We furthermore have the bound 

\\dx {(j'^Ps/e^) II < ||9a;(T^||oo||/5s/e2|| + || cr'^ || oo || 9j;Ps/e2 || 
< (||a.CT2||oo + |k2|U)exp(-s/£2), 

where we have used the bound 

l|5./5,/,2|| <cxp(-s/£2). (3.25) 
which we will prove shortly. Therefore, we can bound (13.24b by 

j\\b\\ocexp{-s/e^) + j{\\d^.a^\\oo + \\(J^\\oo)exp{-s/e^) + m^\\a'^\\oo exp{-s/e'^) 
< — exp(~s/e ) . 



Here we have used Assumption 12. 21 to obtain the required bounds on b and a and also the 
assumption e|m| < 1. This proves the bounds stated in the lemma. To prove the claimed 
bound (13.251 1. first assume s > e^, then 

\\d.Ps/,2 II = \\d,S*(l)S*(s/e^ - 1)(1 - p)|| 

< \\d.,S*{l)\\\\S*{s/e^-m-p)\\<exp{-s/e^), 

where we have used Lemma [33] If s < then 



\d.Ps/e4 = \\dAn-'S*{s/e^)C*(l-p)\\ 

<||a,(/:*)-i||||/:*i|| <oo. 



The boundedness of ||c)^(£*)^ || follows from the proof of Lemma 1331 where we showed 
that C and share the same interpolation spaces. We can therefore bound ||9a;/5s/£2| 
uniformly for s G [0, e^], which, together with the bound for s > e^, implies ( 13.25b . □ 
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Note that contains extra terms /i and /2 that are only in place to facilitate the proof 
of Lemma [378l We therefore define the following new remainder for the approximation that 
we actually use 

S:(t)eUx) = p(x/e)e„(x)e-^™'* + ffH^, t) + R,{x, t) . 
We now obtain the estimates on i?^ . 
Lemma 3.10. If e\m\ < 1 then we have the estimates 

sup ||i?e(t)|| < e(l V |m|) and [ \\R,(t)\\Hidt < {1 V \m\) . (3.26) 
*e[0,T] Jo 

We also have that 

1 V Imp 

sup \\dtRem<—^. (3.27) 
te[o,T] e 

Proof. We will first prove the bound for ||i?e(t)||. From the definition of the remainder R^, 
we have that 

RAt) = r,(t) + efi(t) + e^f2(t) , 

where fi(t) = iTO$i(x/e)em(a;)e~^™^* and /2(t) = -m'^^2(x/e)em(x)e~'^"^^*^. As a 
consequence, we obtain 

WReim < ||r,(t)i| +ei|/i(t)|| +£2||/2(t)|| < \\r,(t)\\+em . 
From LemmalSTSlwe have that 



IkeWll < \\S*,(t)r,(0)\\ + e f i|5*(t - r)Fi(r)\\dr 

Jo 

+ f \\S:{t~r)F2(r)\\dr+ f \\S*{t ~ r)(dr - C;)f!Hr)\\dr 



Each of the above terms shall now be bounded separately. Using the uniform boundedness 
of the semigroup, we have that 

ll^:(iK(0)|l < \\r,(0)\\<em, 
which follows from ( 13.191 ). If we use the bound on ||Fi|| given in Lemma [378] we have that 

e f \\S;(t - r)Fi(r)\\dr < e f ||Fi(r)||dr 
Jo Jo 

< e / exp{—iim^r)dr < em . 
Jo 

Similarly, we have that 

I \\S;{t - r)F2{r)\\dr < e^m^ < em . 
Jo 

Finally, from Lemma [l!9l we have that 

\\S;{t - r){dr - Cl)f^Hr)\\dr < f -e-^''"dr < em . 
Jo Jo £ 
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Putting all this together, we have that 

\\Reit)\\ < ern , 

whenever £\m\ < 1. We now seek the bound on We have that 

PeWllffi < +e||/l(i)||Hi +£2j|/2(t)||Hi 

< 11(1 - 92)1/2(1 _ £,)-i/2|| 11(1 _ C,)^/\e(M +m + em'' 

Here we have used Lemma [331 to switch between the the and interpolation spaces. 
We have from Lemma [378l that 

!|(1 - C,)'^^r,(t)\\ < \\S:(t){l - C,)'^^r,(0)\\ + e f \\S:(t - r)(l - C,f'^F^{r)\\dr 

Jo 

+ f \\S:it^r){l^C,)'/^F2{r)\\dr 
Jo 

+ I WStit ~ r)(l - C,f'\dr - Cl)f^\T)\\dT . 

Jo 

From Lemma [331 we have that 

ll^;(t)(i-£,)'/'ll < |tr'^' , 

for any t G (0, T]. Therefore, we have that 

WS^m - C,f'\m\\ < ir'/'lk.(0)ll < em|i|-'/' ■ 
Furthermore, we have that 

' \\S:{t-r)(l-£,)^^^FAr)\\dr<e f \t ^ r\-^^^\\FAr)\\dr 

Jo 

el ?7i^|i - r|^^/2 exp(-(UTO2r)(ir 

^0 



< 



< em (|tr^/2 + TO^ expi-fim^t) 



Here we have bounded the above integral by splitting the range of integration in half. Sim- 
ilarly, we have that 

e^ \\S*(t~r)(l~Ce)^/'^F2(r)\\dr<em(^\t\~^^^ + m^cxp(-fimh)^ . 

Finally, from Lemma [l!9l we have that 

/* \\S:(t - r)(l - O'/^dr - Ct)ffHr)\\dr 
Jo 

<— I \t-r\'^/'^ exp{~r/e^)dr 







< ( |i|-i/2 + £^P(z^ 
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Putting this all together, along with the fact that e\m\ < 1, we have the bound 

and the requested bound on follows. For the final estimate, we use the 

definition 

Re(t) = S*(t)ern(x) - /9(a;/e)e™(x)e"^™ * - /5t/e2(x/e)e„(x) . 
We then have 

\dtp\\ 



sup \\dtReit)\\< sup \\dtS;(t)e„,\\+m'\\p\\+ sup 
te[0,T] te[0,T] te[0,T] £^ 

< sup ||at5;(t)e„,|| + — , 

te[o,T] e 

since the boundedness of sup^gjQ ||9t/5|| and ||p|| are guaranteed by the smoothness of b 
and cr. Due to the uniform boundedness of the semigroup S'e(t), we also have that 

9 

777 

sup ||a,5;(t)e„|| = sup ||S'*(t)£:e™|| < ll^^e^ll < — , 
te[0,T] *e[0,T] £ 

where the last inequality follows from the smoothness assumptions placed on b and cr. This 
proves the result. □ 

4 Convergence results 

In this section, we shall state the precise formulation of the main results and then provide 
their proofs in full detail. The first convergence result is as follows. 

Theorem 4.1. Suppose satisfies (12.5b and the conditions given in Assumvtions \2.2\ 12.51 
hold true. Suppose furthermore that u solves the stochastic heat equation 

du{x, t) = pLdluix, t)dt + ^{qk,p)ek{x)dWk{t) , (4.1) 



with u(x, 0) = 0. Let Sq = V |(1 — 2a), then for any s > Sa there exists Oq{s) > such 
that 

E sup ||M<)-u(t)||^_, <e^ , (4.2) 
te[0,T] 

for any 6 < Oq{s). 

Remark 4.2. For the interested reader, the rate of decay given by our proof is 

4 

6*0(5) = 2a A -{s - Sa) • 

As stated in the introduction, the next theorem deals with the second order term of the 
solution Ug, obtained by subtracting the first order term (or in our case, setting (g^ , p) =0) 
and scaling the noise up by some inverse factor of e. We have the following result. 
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Theorem 4.3. Suppose satisfies ( 12.51 ) with {q^, p) = 0/or all k ^ 1, and the conditions 
given in Assumptions \Z2\ \2.6\ hold true for a given a G (0, 1). 

Then, there exists a probability space with a sequence of Wiener processes {Wk\ and 
processes {u^} that are equal in law to {ite}, such that 

limE sup ||£-"Me(Q-w(i)||^-. =0, (4.3) 
■^^0 te[0,T] 

where v is the solution to 

dv(x,t) = ^idlv{x,t)dt + \\qp\\^^^ek(x)dWk{t) , (4.4) 

k 

with v(x, 0) — 0. The convergence ( 14.31 ) holds for any s > |(a V (1 — a)). 

The two preceding theorems always require some decay on the coefficients qk, in par- 
ticular the results do no treat SPDEs driven by space-time white noise, where q^ = I for 
each fc G Z. We know that in the space-time white noise case, the solution converges to the 
so-called wrong limit. The following result generalises this phenomena to a broad class of 
driving noise processes. 

Theorem 4.4. Suppose satisfies ( 12.5b and that the conditions given in Assumption \2.2\ 
\2.7\ hold true. Then, there exists a probability space with a sequence of Wiener processes 
{Wk\ and processes {ue} that are equal in law to {u^}, such that 

limE sup ||ue(t)-u(t)||^-3 =0, (4.5) 
te[0,T] 

where u satisfies the stochastic heat equation 

du(x,t) = tidlu(x,t)dt + Y,(\{<lk,p)\^ - \{q.p)f + \\qpf)'/^ek(x)dWk(t) , (4.6) 

k 

with u(x, 0) = 0. The convergence ( 14.51 ) holds for any s > s^, where 

^ ^ fl, /fr/e [0,1/2] , 

'''' \§(2-77)-i, ;/77G [1/2,1) . 

(Here, rj is the constant appearing in Assumption \2.7\ ) 

Remark 4.5. If one assumes that the driving noise does not depend on e, as is the case for 
space-time white noise, then the assumptions can be loosened. In particular, one can easily 
modify the proof of Theorem l4.1l to show the following. Suppose Ug satisfies ( 12.51 ) with qk 
constants and that u satisfies ( 14.1b . then 

limE sup ||u£(i) - M(t)||^-. = , 
te[0,T] 

for s large enough. Hence, we can still prove the limit, but at the expense of the rate of 
convergence. A similar result holds for 14.41 in the case of constant qk, in that we can 
weaken the assumption to just qk q, and still prove the limit ( 14.5b . 

One might ask what happens if we approximate the noise by a smoother infinite dimen- 
sional Gaussian process, say W^, which, for nonzero e falls into the class of the classical 
(unsurprising) case, but as e tends to zero, approaches something as irregular as space-time 
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white noise, for instance. To this end, let be a smooth test function on R with compact 
support and ip{0) = 1. We define the smoothened version of ( I2.5l l by 

du^it) = CeU^{t)dt + ^ ip{ek)qk{x/£)ekdWk{t) . 

k 

This smoothening procedure consists in taking the convolution of the noise with a scaled 
version of the function (p, where (p is the inverse Fourier transform of The following 
corollary illustrates the transition between the classical case and the unsurprising case. 

Corollary 4.6. Suppose satisfies the smoothened version of ( 12.51 ), as defined above and 
that Assumptions 12.21 IZTl hold true. Suppose furthermore that 

du{t) = ^l^lu{t)dt + Y,{\{qk.p)\^ - + \\{qp)^g>ff'\kdWu{t) (4.7) 

k 

Then ^ um precisely the same sense as claimed in Theorem l4.41 

Remark 4.7. If we take = 1, then we recover Theorem l4.1l If on the other hand, we take 
(y9 = 1 (so that (p ~ 5), then we recover Theorem l4.4l so that we can view this corollary as 
an interpolation between the two theorems. 

The proof of Corollarv l4.6l is given on page[39]below. Before proving these results, we 
need a few speciaUsed lemmas. The first technical lemma that we require will essentially 
provide us with a bound on the norm of the multiplication operator from to H^'^, 
where the multiplier function is highly oscillatory. 

Lemma 4.8. For any f £ we have that 

11(1 - dir'^'ra ~ dir^'h^^L- < s-^uwh^ , (4.8) 

where f^{x) = /{x/e) denotes the corresponding multiplication operator 
Proof. We will equivalently prove that 

\\ru\\H-^<e-^\\u\\H-4f\\Hi , 

this is done once more using Calderon-Lions interpolation theorem IIRS75I . For s — 0, the 
claim holds simply because 

lir^ll < Wfh^M < , 

which follows from a standard Sobolev embedding. For s = 1 we also have the simple 
result for negative Sobolev norms 

\\.ru\\H-^ < \\.n\m\\u\\H-^ < ^wfWH.MH-^ . 

The Calderon-Lions theorem then implies that the multiplication operator has norm 

\\n\H-~^^H-^<(\\f\\m)'-%-\\f\\mr^s-^\\f\\m , 



which proves the lemma. 



□ 
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In the next lemma, we obtain a control on the variance of the Gaussian process in the 
space of continuous functions taking values in L^[0, 2tt]. This will be useful in deciding 
which Sobolev spaces contain the solutions uniformly in e and hence determining where 
convergence occurs. 

Lemma 4.9. Suppose satisfies ( I2.5l l and the conditions given in Assumptions \2.2\ 12.51 
hold true. If a G (1/2, 1) then we have that 

E sup \\uM\^ < Ct ■ (4.9) 

tG[0,T] 

Otherwise, if a S (0, 1/2] we have that 



E sup \\u,{t)f < e^"~^~^ , (4.10) 
te[0,T] 



for any S e (0,2). 



Proof. We utilise the fact that the semigroup S'e(t) is a contraction semigroup when the 
domain is taken to be L^ipe) with the corresponding norm and inner product, as intro- 
duced in Lemma 13.21 This follows from the fact that the generator Ce is self-adjoint in 
this weighted space combined with the fact that the generator has non-positive spectrum. 
One can therefore apply standard martingale-type inequalities for stochastic convolutions 
IIDPZ92II to obtain 



E sup \K{t)\\l =E sup 
te[o,T] ' te[o.T] 



* 2 
SAt ~ s)Q,dW{s) 







< r \\SAt)Qe\\'HS.,dt 







where || • Whs.p^ denotes the Hilbert-Schmidt norm for operators mapping L^(pe) into itself. 
We have already seen in Lemma [J!2l that the norms j| • || and j| • are equivalent with their 
ratios bounded uniformly in e e (0, 1). One can easily show that the same is true for the 
Hilbert-Schmidt norms || • ||hs and || • \\HS,pe - Hence we have that 

E sup \\u,{t)\\^< f \\Se{t)Q,\gsdt . (4.11) 
te[0,T] Jo 

Since a G (1/2, 1) implies that the noise is Hilbert-Schimdt, the result i4.9i follows imme- 
diately from ( 14.111 ). Now suppose a E (0, 1/2], then 

\\S,{t)Q,\\l, = Y,\\SAt)qlekr 



}_J(lA|fc|-2")||5,(i)9|e,|'2 



where qk — qk/\\qk\\ and qf, ~ qk{-/£). However, we can trade the smoothness of the qt to 
obtain a little more decay as k gets large. In particular, we can write 

wsAmiekf = (1 + k'-r^wsAtmi - dir^^e^w^ , 

and using estimates from Lemmas l3.5l and l4~8] we have that 

ii^,(t)g^.(i - d^y/^ekf < \mm - c,r/Ym - Cey/^i - dir/Y 
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Therefore, we have that 

||S,(QQe||HS < e-^T'^'^ (y^H a \k\-^''-^'')\\qk\\]j\ , 

for any i/ G [0, 1). If we set i/ = 1/2 — a + 6 then, given the uniform boundedness of 
||gfe||//i, the sum over fc € Z is clearly convergent and upon substitution into ( 14.1 lb . the 
result ( 14.101 ) follows. □ 

The following lemma is simply a restatement of the Kolmogorov continuity criterion 
1RY991 . 

Lemma 4.10. Suppose {4)(t)}t<£[o,T] is a complex valued stochastic process, such that for 
every q > 2 there exists Kq satisfying 

(E|<^(Q - < Kq (E|0(i) - 4>(s)\^f'^ , 

for any s, t € [0, T]. Suppose furthermore that there exists 5 > 0, Kq > such that 

Em) - ^(.s)f < Ko\t - s\^ , 

for any s,t € [0, T], where the constant Kq depends only on the sequence Kq. Then for 
any p > there exists C > such that 

E sup \(j)(t)\P < C{Ko + E|0(O)|2)P/2 . 
te[0,T] 

The next and final result is needed in order to trade some regularity of a pair of functions 
for some extra decay on the Fourier modes of products of those functions. 

Lemma 4.11. Suppose f,g E taking values in K, then for any v G [0, 1] and each 
k Cz Z, we have that 

l(/e.,.9>P<(lA|fcr2-)(||/||||,gi|f-2'^(||/||^,||.g||^0''^ ■ (4.12) 
Proof. We have that 

|(/efc,5)P = |(/efe,5>p-'1(/.9,e-fc>P^ 

= (1 + fc2)-1(/efc,5)p-'1((l - 
<{lA\k\-'n\\fekr-^^\\gr-^''\\fg\\% 
<(lA|fcr^^)!|/f-2-||5||2-2'>||/||^-l|,g||^^ . 

In the last inequality we have used the fact that is a Banach algebra IIAF03I . This proves 
the lemma. □ 

We now have all the necessary machinery to prove our first theorem. 
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Proof of Theorem \4. 1 1 To start off, we take the object we wish to bound and split it into 
two parts. Using the identity 

||.f^_., = ^|(,e„)m + m2)-, 

We obtain 

E sup \W{t)-u{t)\\]j-.< V E sup |(ue(t)-u(t),e,„)|'(l + mV 

*6[0,T] te[0,T] 

+E sup V \{u,{t)-u{t),err^)\''{l + m^r' 

for any (5 E (0, 1). The idea of the proof is to use standard homogenisation techniques for 
the low modes {\m\ < e~^), while using rather soft a priori bounds for the high modes 
(|m| > e^'^). We then choose /? in the right way to balance the two contributions. We shall 
bound the low modes first. Here, we use the fact that 

M), e™) = V / {qleu, Slit - s)em) dWu(s) , 

and then approximate the semigroup as follows 

Slit - s)em =p(a:;/e)e™(a;)e"''™'<*""^ + P(t-s)/e<x/e)emix) + Reix, t - s) , 
so that 

+ / {qlek,plt~s)/e^eni)dWkis) 
k 

+ 11/ {qlek,Reix.t-s))dWkis) , 
k -^0 

where p^ix) = pix/e) and similarly for all other instances of the superscript e. We can 
simplify the terms above using the fact that, for fixed \m\ < <C s^^ and varying 
k G Ij the expression {qf.ek, p^Cm) is zero, unless k — rn + l/e for some I G Z. We can 
see this, for example, by performing a Fourier expansion on both qk and p. Moreover, 

X!(9feefe,p^e™)Ffc = ^{q'm+l/eeup)Fm+l/e , 

feez ;ez 
for any sequence {Fk}k£i- Therefore, 
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Similarly, we can write 

)dWkis) 

= {<lm+l/eei,P(t-s)/e^-)dWjn+i/eis) . 

I -^0 

It is easy to see that (w(t), Cm) — (^m, p) /g e~'^™^**~**dWm(s) and we can therefore write 



{ue(t) - u(t), e„ 



I ■'o 

+ f {qlek,Re{t-s))dWk{s) . 



We then bound separately each of the three sums in this expression. In order to streamline 
the presentation, we state these bounds as separate lemmas, the proof of which is given 
below. 

Lemma 4.12. For e\m\ < 1/2, one has the bound 



E sup 
te[0,T] 



Y.(qm+i/eeup) f e-^^^"^'-'^dW„,+i/As) 



< 



1 V TO^ 



for any a > 0. 

Lemma 4.13. For e\m\ < 1/2, one has the bound 



E sup 
*e[0,T] 



/ {qrn+l/eeuP(t-s)/e'^)<iWm+l/eis) 



(|433h) 



for any sufficiently small 5 > 0. 

Lemma 4.14. For e\m\ < 1/2, the bound 



E sup 
*e[0,T] 



V / {qlek,Re(t-s))dWk(s) 

u Jo 



< ^ (lVm^+^), 



=■75 



holds for any sufficiently small 5 > Q and for any a > 



We now use these bounds to prove the claim made in the statement of the theorem in 
the case a £ (0, 1/2], and the case a G (1/2, 1) will follow similarly. Inserting the bounds 
above into 

V E sup \{uAt)-uit),e„^)\\l + m^r' 
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■■^ 1 V ■'^ 

|m|<e-'' |m|<6-'' 

+ e4a-75 ^ (1 V m2+^)(l + m^)-^ 

|m|<e-f 

< g2a ^ ^2-/9-25 _^ g4a-(3-2s)/3-(2,3+7)5 ^^-^ 

for any s > 0. For the high modes on the other hand, we have the straightforward bound 

E sup V \{u,(t)~u{t),e^)\\l + m^)-' (4.15) 

<S^^'(e sup ||u,(t)||2+E sup h(t)||2) <e2/3.s+4a-2~y ^ 
V t6[0,T] te[0,T] / 

where we have used Lemma l4~9l combined with the fact that 

E sup \\u(t)f < 1 , 
te[0,T] 

which is easily verified. Since 6 and 5' can be chosen arbitrarily small and since (5 G (0, 1), 
both the low modes and high modes will be bounded by a multiple of e^, where < Oq and 

= min {2a, 1 + 2a - ^, 4a - (3 - 2s)^, 2/3s + 4a - 2} . 

Since a > and /3 £ (0, 1) we will find > provided that 4a - (3 - 2s)/3 > and 
2/3s + 4a — 2 > are both satisfied. That is, the result ( 14.21 ) will hold for s > if we can 
find /? e (0, 1) such that 

l-2a ^ 4a ^^^^^ 
< /? < ■ (4.16) 

s 3 — 2s 

A simple diagram verifies that, for fixed a G (0, 1 /2] we can always find such a /3 provided 
s > Sa where 

Sa=0V^(l-2a), 

as in the statement of the theorem. Moreover, one can also show that the optimal value of 
6 is given by 

9o(s, a) = 2a A ^4a - 2 + y ^ = 2a A Q(s - Sa) 

which only takes positive values when s > Sa- 

The case a G (1/2, 1) is actually slightly easier, and we obtain the same bounds on the 
low and high modes as in (14.14b and ( 14.151 ), but with a replaced by 1 /2 and 5' = 0. Hence, 
the result ( I4.2l i will hold for s > if we can find /? e (0,1) such that 

< /? < T^Ar ■ (4.17) 

3 — zs 

One can always find such a /?, provided s > is small enough. Moreover, one can also 
show that the optimal value of 6 is given in this case by 

0ois) = 1 A • 

This proves the claims made in the statement of the theorem. □ 
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It thus remain to show that the bounds ( 14.131 1 hold. 
Proof of Lemma \4~T2\ Starting with ( I4.13bl ), we have that 



- sup 

tG[0,T] 



= y^\{qm+l/eei,p)\^ E sup / 



t 2 



^dB{s) 



< 



2^ 1 

1^0 



V 



If a G (1/2,1) then 



2a 



Assume for now that to > 0, the case to < will follow similarly. Recalling that £\m\ < 
1 /2 by assumption, we can bound the above by 



e^" \em + ^^^^ \J2 l''"^" + ~ 1/21-2" | < _ 

1=^0 



i>i 



i>i 



Now suppose a G (0, 1/2]. Using Lemma l4. 1 1 I with = 1, we have the following bound 



'^)hm+l/e\\'^hrn+l/6\\m\\p\\Hi 



-2||„ ||2 
Mrn+l/eW 



1^0 



The boundedness of || pjl //i is guaranteed by Assumption l2.2l and the uniform boundedness 
of ll^fcllifi is guaranteed by Assumption 12. 5 1 Moreover, we have that 



1^0 



We will now show that this sum decays like e^". Since e\m\ < 1/2 it follows that |eTO 
Z|-2" < |/ _ l/2|-2" for |/| > 1. Therefore 



1^0 

This proves ( I4.13fal l. 



//£|-2a ^ £2a ^ |^|-2|^,^ ^ ^|-2a < ^2a ^ |;|-2 



□ 



Proof of Lemma \4~T3\ For both (I4.13bb and (I4.13bb we are trying to bound objects of the 
form 



= E / -M* ~ r)dwkir) 

I, "'0 
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where the Wk are independent Brownian motions and each fk takes values in C. Since 
is a Gaussian process, we may apply Lemma l4.10l Thus, if we can show that 



then it follows that 



In general, we have that 



E\q}(t) - (j)(s)f < Ks(s)\t ~ s[ 



E sup \m\''<Ks(e) 
te[o,T] 



E|0(t) - = E 



V / fk(t - r)dwk(r) + f 

k ^ 
I. Js I. JO 



ihit - r) - fkis - rMwkir) 
\fk(t-r)- fk{s-r)\^dr . 



Note that the Brownian motions Wk are not truly independent due to the requirement Wk = 
W^f,. However, one can easily check that the above bound still holds. We then have that 



1. J s , J s 



m+l/e^h P{t-r)/e 



If a G (1/2,1) then we can bound the above by 



\P{t-r)/e'- 



l^dr 



From Lemma 13731 we have that 



\Pr/e4 = \\S*(r/e^)a^p)\\<cxp(-r/e^) 



(4.18) 



(4.19) 



(4.20) 



Moreover, since the sum over / is finite when a G (1/2, 1) we can apply Holder's inequality 
to ( 14.191 ) to obtain 



El 



1m+l/e 



'^dr < \t-s\^ 



(exp(-r/£2))2/(i-'5)rf7. 



1-5 



P(t-r)/e2| 

< e'-'-^'^li- s|V (4.21) 
Now suppose a e (0, 1/2]. Using Lemma l4.11l with = 1 we can bound (14.181) by 

E(1A |/r')|k,„+;/sllHi / \\P(t~r)/e4H^dr (4.22) 

Since j|(7fe||^i is bounded uniformly in fc, the sum over I is finite. Furthermore, from 
Lemma [33] we see that 

\\Pr/e- \\m = ||(1 - d^j'^^S*{l)S*(r/e^ - 1)(1 - p)|| < exp(-r/e^) . (4.23) 

Therefore, with an application of Holder's inequality, we can bound ( I4.22l i by 



\t-s[ 



l|2/(l-5) , 
P(t-r)/e2||^l dr 



l-<5 



< \t~sfs 



(5,2-2(5 
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We also have that 



V / \fk(t-r)-fkis-r)\'^dr / \{<lm+l/eei, P(t-r)/e^~P(s~-r)/e^){^dr . (4.24) 

If a G (1/2,1) then, as in the estimation of (14.18b we can bound the above by 

I \\p(t-r)/^- - P(s~r)/^-\\'^dr < sup \\dtpt\\ 

^ \teio,T] / 

X / \\P(t-r)/6^ - P(s-r)/6^\\'^^^dr 

Jo 

<5_-2(5 / lis ll2-(5 J ^ „2-2(5u „l'5 



<|t-.r£— / \\Pr/eAr''dr<e'-''\t-s\ 
Jo 

Here we have used the fact that 

It — 

\\p(t-r)/e^ - P(s-r)/e^\f <\t- SUp \\dtPt/e^\\^< ^ SUp \\dtPtf, 

te[0,T] £ te[0,T] 

and that ||9t/5t(a;)|| is bounded uniformly in time, which follows from the smoothness of b 
and (T. Now suppose a e (0, 1/2]. Using Lemma l4.11l with u = 3/4 and arguments similar 
to those used in the estimation of (14.181 1 we can bound (I4.24l i by 

3/2 



\\P{t-r)/e^ - P(s-r)/e'A\^^^\\P{t-r)/6^ - P{s-r)/E^\\m 



< 



\t-s\' / 



sup \\dtpt\ 
te[0,T] 



^ / \\P(t~r)/e^ ~ P(s-r)/e'\\^^^ ^\\P(t~r)/e^ - P(s-r)/e^\fm dr 

Jo 

<e^-^'\t-s\' . 

To bound the integral term, we have used estimates ( 14.201 1 and ( 14.231 1. Putting this all 
together, we have that Ks{e) ~ e^~^*, which proves estimate ( I4.13bb . □ 

Proof of Lemma \4J4\ We use the same strategy as in the proof of Lemma 14.131 We see 
that, ^ ^ 

f \fk{t-r)\^dr^J2 f Mek,Re(t-r))\^dr . (4.25) 
k "'^ k "'^ 

If a € (1/2,1) then we can bound the above by 



Here we have used the finiteness of the sum over k as well as Lemma [3. 101 to bound the 
remainder term uniformly in time. Suppose that a G (0, 1/2]. Using the Lemma l4.11l we 
can bound (14.25b by 

^(1 A \k\-^'')hknql\\m f \mt r)r-^"\\Re{t r)r^.dr 

7_ J S 
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1-5 



< ^(1 A |fcr2-)M!|t - s\' ^* \\R,(t - r)||^||i?,(t - r)\\^dr 

for any i' G [0, 1]. Here we have used the fact that < £~^||9fe||_ffi ^ ^nd then 

applied Holder's inequality to the integral. Choose e (0, 1/2) such that a + i/ > 1/2, to 
guarantee that the above sum is bounded. Using the estimates on the remainder given 
in Lemma [3. 101 we have that 

\\RAt - r)||<2-2-)/(i-5)||i?^^(t _ r)fj^!^'-'^dr 

< (emy2-2-)/(i-^) r ||i?,(r)|l2-/(i-^)dr . 



For any v G [0, 1/2), we can choose S small enough that 2i^/{l — S) < 1 and hence, by 
Jensen's inequality 

T / .T X 2^/(1-5) 

PcWf /<'-*'dr < / \\R,(r)\\dr] < m^"'/*!-^' , 



which follows from Lemma [3. 101 Therefore, we can bound ( 14.251 ) by 

We then substitute i' = 1/2 — a + fS and ensure 6 is small enough so that all the above 
conditions on v are satisfied. 
We also have that 

I \h{t-T)-fk{s-r)\^dr = Y, f Mek,R,(t-r)^R,{s-r))\^dr . (4.26) 

If a e (1/2, 1) then, as in the previous step we can bound the above by a multiple of 

\Re{t~r)~ R,(s~r)fdr 

<\t-s\' sup WdtRAm' [ \\Re(t-r)-RAs-r)\\^-'dr . 
te[O.T] Jo 

Using the estimates on R^ given in Lemma [3. 101 we can bound this by a constant multiple 
of 

e'-''m'+'\t-s\' . 
If a G (0, 1/2] on the other hand, we can bound ( 14.26b by 

5](iA|fcr2-)ii9,i|2£-2- 



X 



/ ||i?,(t - r) - R,{s - ryf-^'^WR.it - r) - R,(s - r)\\j^i dr 
Jo 



As before, we choose v G (0, 1/2) such that a + v > 1/2, this guarantees the above sum 
is bounded. Moreover, we can bound the above integral by 

\t~s\' sup \\dtRe{t)\\' ( \\Re{t-r)-R,{s-r)f-'-''-'\\R,{t-r)-R,{s^r)\\%dr . 
te[0,T] Jo 
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Using the estimates on given in Lemma [3. 101 we can bound this by a constant multiple 
of 



"'0 



And, by Jensen's inequahty, since 2v < 1, we can bound the above by 



(T \ 
\\Re{r)\\dr\ <e2-2--35^2+^|i_s|^ 



We then substitute v ~ 1/2 — a + 5 and ensure 5 is small enough so that the above condition 
on V are satisfied. Hence, we have that 

Ksie) = e''^-'-''m^+' = e^"-''n?+' , 

which proves estimate ( I4.13tl ). □ 

We now concentrate on the second convergence theorem, where we assume that the 
noise satisfies {qk, p) — for all fc e Z. Before proving the theorem, we give a formal 
argument to describe how the proof works. It is clear from the proof of the previous theorem 
that we can formally write 

pt 

1^0 ■'o 

for some 9 > 0, provided m is not too large. The previous theorem tells us that the first 
term above will decay with e to zero. However, with Assumption 12.61 in place, we have 
precise control over how this term tends to zero. In fact, we have that 

= + l/er''{(m + l/eTq^+i/eeup) 



and all the terms in the sum are no longer decaying with e. Now, since a convergent sum 
of complex OU processes is a complex OU process, we can find a Brownian motion Wm 
such that the above is equal in distribution to 



Jo 



where we denote 

If we can justify taking the limit inside the above sum then it is clear that 

1/2 

limAe,™ = I ^|/|-2"|(gp,e_,)|' I = \\qp\\~o. 
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recalling that — > ^ in L^[Q, 2tt]. If we can also adjust our estimates on the remainder 
to ensure that 6* > a, so that e^^" does indeed decay, then formally we have shown that 
(ueit), em) is equal in distribution to a process that converges to 

Jq 

which is the m-th Fourier mode of the solution to the limiting SPDE ( 14.4b . Of course, there 
are several caveats with this argument. Most importantly, the Brownian motions Wm are 
defined in such a way that their distribution changes as e tends to zero and consequently, 
the limit above does not make sense. The correct way to proceed is actually backwards. 
That is, we fix a sequence of Brownian motions Wm that are used to construct the limiting 
SPDE (14.41) . We then construct a sequence of processes equal in law to defined in 
such a way that when we perform the above calculations, the resulting OU process (driven 
by Wm) does not depend on e. This is made rigorous below. 

Remark 4.15. It is clear from the preceding argument that no stronger type of convergence 
is possible in the context of Theorem l4.3l In particular, we see that the limiting term in 
{e~°'Ug,em) is an OU process determined by {W^m+i/e} ^^ch I E TL. Hence, even 
when e is near zero, the contributing BMs are always changing; we will never be able to 
pin down the limiting process to a fixed location of our probability space so convergence 
in probability is not possible. 



Proof of Theorem \4.3\ The process will be defined using two sequences of BMs, namely 
{Wm}m&i and that live on a different probability space. Given a sequence 

{Wm}m£Z of i.i.d. complex-valued Wiener processes (modulo the reality condition Wm ~ 
W*m' we construct a sequence {Bf.}kez of i.i.d. complex-valued Wiener processes (again 
modulo the corresponding reality condition) such that {W, B^) are jointly Gaussian with 
the covariance structure given by 



EWm{t)Blis) 




(t A s) if k = m + l/e for some I E Z, 
otherwise, 



where X[ m ~ ^ "'{Qm+i/e^U p)- Such a construction is possible due to the fact that 
TO — X)i l^e toP by definition. In the new probability space, one should view the se- 
quence {Bf,} as playing the role of the sequence {VFfc} in the old space. We can now 
define by its Fourier coefficients. For |m| < set 



{u,(t),em)=e"K,,m e-^™'(*-^'dW'„(s) + ^ / {qlek,Re{t ~ s))dBl{s) 
Jo ). Jo 

+ Y. f (l"k^k,ptt^s)/e^-)dBUs). 

k ^" 

For |m| > on the other hand, we simply set 

{Ue(t),em) = {We(t),em) , 

where solves the SPDE (12.5b with {M^fc} replaced by {Bf.}. One can verify that it, 
by checking that 

E{u^(t), Cm) {ue(s), e„) = E(We(i), Cm) {ue(s), e„) 



law 
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for all choices of t,s G [0, T] and n,m & Z. We define v(t) as the mild solution to SPDE 
( 14.4b . In particular, we have that 



for each to S Z. 

We shall now prove that e^^u^ — > w in the required sense. Firstly, we split the problem 
into high and low modes 

E sup \\e-°'ue(t)~v{t)\\]j-, 

tG[0,T] 



< ^ E sup |(e-"u,(t)-i;(t),e™)p(l + m2) 



2x-s 



|m|<e-'3 



te[0,T] 



E sup \{e'"u,(t)-v(t),em)\\l + m^r 



\m\>e " 

We can bound the low modes in the following way 

E sup |(e-"ue(t)-w(i),e^)p 
te[0,T] 

<E sup (A,,„-||gp||_„) / e'^"'(*-^)dty„,(s) 

tG[0,T] Jo 



E sup 
te[0,T] 



E sup 
te[O.T] 



V / {qlek,Re(t-s))dBl(s) 

/ {qrn+l/eei,P(t-s)/6^)dBl(s) 

, Jo 



However, it is clear that 

E sup (Ae,rn-\\qp\\-o.) f e-^"'"'-'~''>dWm(s) 
tG[0,T] Jo 

And from Theorem l4.1l we have that the two estimates 



< 



|Ae,™ - Ato-2) . 



E sup 

tG[0,T] 



E sup 
te[0,T] 



V / {qlek,Re{t-s))dBUs) 
k -^0 

, Jo 



hold for sufficiently small 5 > 0. Using these estimates, when \m\ < e we have that 



\m\<E-i^ 



sup 

te[0,T] 



^u,(t)-«(t),e„)|2(l + mV 



< ^ |A,,„-||gpl|_„p(lAm-(™) 



(4.27) 
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\m,\<e-f |m|<£-'' 

Firstly, we would like to show that the first sum in the expression above tends to zero as 
e — > 0, by taking the limit inside the sum over m. Now, since \\qk\\ ^ 1 A |fc|^" for each 
k E Z, we have that 

where the last inequality follows from Lemma 14.1 II and the smoothness of p. If a € 
(1/2, 1), then set = 0, if a G (0, 1/2], then set = 1. In either case, the above sum is 
bounded uniformly in e and to, as long as |to| < e^^/2. For \m\ < e^^, we therefore have 
that 



liine 2" V(g„+,/eP,e_/)2 = V lime e./)^ 

2 



E lim £"'"|m + V^r'"(l™ + l/srqm+i/eP, e-/> 



1^0 

= Eir'"(9P,e_,)2 = ||gp||^. 
For the first sum in ( 14.271 ). it is now clear that if s > then 

E (Km \m-c.)\l A TO-(2+2-'*) < Ed A TO-(2+2.)) , 
|7n|<E-'5 m 

and is therefore bounded uniformly in e. Hence, we have that 

lim E (Ae,m-||9p||-a)'(lATO-(2+2«)) 



E lini(A,,,„ - \\qp\\-c.f(l A TO-(2+2.s)) = 
^ — ^ E— 



e->0 

For the second sum in ( 14.271 ). we have that 

^2-2«-5 ^ ^ ^-2S) < ^2-2«-5(^ ^ ^-(l-2s)/3) ^ 

|m|<£-'3 



For the third sum in ( 14.271 ). we have that 



(£2" V e2-2")e-7^ ^ (1Ato2-2-+^) 

\m\<e-f 

< (-g2a ^ ^2-2Q-j^-(3-2s+<5)^i-75 
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provided s > 0. For the high modes, we have that 



E sup J2 \{£~"u,(t)-vit),era)\\l + m^) 



*e[0'^l|rn|>e-^ 

<E sup V I (7ieW,e„) 1^5^-2"+ E sup V |Mt),e™)|V5^ 
te[0,T] te[0,T] 

Here we have used Lemma |4!9l as well as the clear fact that 

E sup \\v{t)\\^ < 1 . 
te[0,T] 

If Q! e (1/2,1), then for both the low and high modes to converge to zero for some s > 0, 
we need to find p e (0, 1) such that 

a „ 2 - 2a 
s 3 — 2s 

A simple diagram confirms that we can always find such a /3 provided s > |q;. If a S 
(0, 1 /2], then for both the low and high modes to converge to zero for some s > 0, we need 
to find /3 e (0, 1) such that 

1 — a „ 2a 
s 3 — 2s 

A simple diagram confirms that we can always find such a /3, provided s > |(1 — a). This 
concludes the proof of the theorem. □ 



Before proving Theorem 14.41 we need a new a priori bound on the solution u^, given 
that we are working with new assumptions on the noise. 

Lemma 4.16. Suppose satisfies (I2.5l l and the conditions given in Assumptions \2.2\ \2.7\ 
hold true, then we have that 

E sup \\ue{t)f < e-^-^ , (4.28) 
te[0,T] 

/or arbitrarily small 5 > Q. 

Proof. From Lemma |4j9] we know that 

te[0,T] 

We can bound the Hilbert-Schmidt norm using Assumption l2.7l We have that 
But the first term can be bounded 



E sup \\u,{t)f< [ \\S,(t)Q,\\^^sdt 
te[0,T] Jo 
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for any v £ [0, 1) using the same argument found in Lemma |4~9l By assumption, the sum 
over k is finite if we set 2v = rj. For the second term, we similarly know that 



for any 7 £ (0, 1). If we set 7 = 1/2 + (5/4, for arbitrarily small S > Q, then the sum over 
k will converge. Since 277 < 2, the e"^'*' term will be the dominant one. It follows that 



/ \\Se(t)Q,\\Hsdt<e-*^ =e-^-' 
Jo 



This proves the lemma. 



□ 



Proof of Theorem \4.4\ As in the proof of Theorem l4.3l we construct sequences {M^m} and 
of Brownian motions with correlations 



EW™(i)M(s) 



A 

^•"^ (t A s), if k = m + l/e for some I <E Z 
0, otherwise , 

1/2 



(4.29) 



where \[ „^ {qm+i/eei, p) and, as before, A^.™ = (Eiez I'^i.mP) ■ We then define 
through its Fourier modes as follows For |m| < e~^, we set 

(ueithem) = Ae,m / e-''™'(*-^>dW'™(s) , 
Jo 

while for |m| > we set 

{ue(t),em) = (ui£(t),e,„) , 

where u>e solves ( 12.5b with Wk replaced with Bf, for each fc e Z. This is identical to the 
construction given in the proof of Theorem 14.31 with the sole difference being that now 
A° „ 7^ 0, in general. The proof proceeds identically to the previous theorem. We only 
need a few more ingredients to ensure that this proof will work just like the last. First, we 
need that 

Ae,n-(\{q.n,p)\'~\{q,p)\^ + \\qpr)'/' 

converges to zero as e — > 0. But this is true by construction of the series Ae.,„, using the 
same arguments as previously employed to pass the Umit inside the sum. Secondly, we 
need some bound on the remainder terms of the low modes. We cannot use the previous 
bounds ( I4.13bl l and ( I4.13bb . since we are effectively using a = 0. However, just as in 
Lemma l4.16l we can use Assumption l2.7l instead. We claim the following bounds to be true 
and prove them in the sequel. For |m| < e~^, we have that 



E sup 
te[0,T] 



E sup 
te[0,T] 



Y] / {€ek.plt-s)/e^<irn)dBl{s) 

k -^0 

E / {qiek,Re(t-s))dBl{s) 

7. 



<e2-''-2Vr' , 



(4.30) 
(4.31) 



for arbitrarily small (5 > 0. From Lemma l4.16l we have that 

E sup \\ue{f)f < e^^-^ . 
te[0,T] 
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Moreover, one can easily show that 



E sup \\u(t)f < Ct ■ 

t6[0,T] 

We can then apply the exact arguments used in Theorem l4.3l to show that both high and low 
modes will converge to zero as e ^ if we can choose /3 G (0, 1) in such a way that 

1 ^ 2 - 277 

- </?< ■ 
s 3 — 2s 

It is easy to show that one can always find such a (3 provided s > s,,, where 

3 

s„ = 1 V . 

' 2(2 - rj) 

This proves ( 14.5b . We now prove the claimed bounds. For ( 14.301 ) and ( 14.311 ) we apply 
the Koknogorov criterion from Lemma l4.10M ust as we did to bound ( I4.13bl ) and ( I4.13bl ) 
respectively. This involves proving four estimates (two for each claim). For the first claim, 
we wish to find K^S) such that 



7. J S 



<K,{5)\t-s\' 



and 



E 



Y / (9|e/c,(/5ft_,.)/£2 -pft_,)/g2)e„)dB|(r) 
I. JO 



<K,(S)\t~s\' 



(4.32) 



(4.33) 



for some S G (0, 1). Clearly, we can bound the left hand side of ( 14.321 ) by a constant 
multiple of 

k ■'^ fe 

Applying Lemma l4.11l (with 2jy = ?/) to the first term and using the fact that, for every m, 
one has |(e/je_m, /)P = ||/|pforthe second term, we can bound this by 



\P{t-r)/e'^ \\m \\P(t-r)/e 



+ / \\fptt-r)/e4 dr , 



< 



lP(t-r)/e2\\Hi\\P(t-r)/e 



'.\\^-'^dr 



\P(t-r)/E 



By Assumption 12.71 the sum over k is finite and, by a Sobolev embedding, ||^||oo is also 
finite. The integral terms can be bounded exactly as in the proof of estimate ( I4.13bl l to 
obtain K^S) = e'^^^^'^^ \m\^ . We then treat ( 14.331 ). and also the two respective estimates 
required to prove ( 14.311 1 in the same way, by first splitting into (qk ~ q) + q and then 
applying the results from the proof of ( I4.13bb and ( I4.13bb . The estimates ( 14.30b and ( 14.311 ) 
follow. □ 
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Proof of Corollar\ \4.6\ The proof follows in the same way as that of Theorem l4.4l except 
we now have = ip{em + l){qm+i/e^ii p) ■ Moreover, we now need to show that 

Ae,™ - (I (9m, p) P - I (g, p) P + ll(gp) * ^f)^'^ (4.34) 

converges to zero as e — > 0, where ,„ is defined as above, using the new „j. But it is 
clear that 

A'™ = I <^(e"i) n (gm , p) I ' + ^ I <^(em + Z) n e/ , p) 1 2 

^l('?-n,P)l'+El^(^)l'l(9/''^')l'' 

where the boundedness of in combination with previous arguments allows us to take the 
limit inside the sum over /. Since \\{qp) * <^iP = X];ez lv(0Pl(9P, we have proven 
( 14.341 ). The remainder of the proof follows in exactly the same way as Theorem 14.41 and 
since is bounded, all corresponding estimates still hold. □ 
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